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Abstract: In this paper, we derive some necessary and sufficient solvability
conditions for some systems of one sided coupled Sylvester-type real quaternion
matrix equations in terms of ranks and generalized inverses of matrices. We also
give the expressions of the general solutions to these systems when they are solv-
able. Moreover, we provide some numerical examples to illustrate our results.
The findings of this paper extend some known results in the literature.
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1. Introduction
Quaternions were introduced by Irish mathematician Sir William Rowan Hamilton in 1843.
It is well known that quaternion algebra is an associative and noncommutative division algebra
over the real number field. Quaternions and quaternion matrices have found a huge amount
of applications in quantum physics, signal and color image processing, and so on (e.g. [3],
[21], [27]-[30]). General properties of quaternions and quaternion matrices can be found in
[48]. Quaternion matrix equations play an important role in mathematics and other disciplines,
such as engineering, system and control theory. There have been many papers using various
approaches to investigate many quaternion matrix equations (e.g. [9]-[11], [38]-[43], [45], [46],
[49]).
The Sylvester-type matrix equations have wide applications in neural network [47], robust
control ([4], [31]), output feedback control ([25], [26]), the almost noninteracting control by
measurement feedback problem ([32], [44]), graph theory [7], and so on. Since Roth [23] first
studied the one-sided generalized Sylvester matrix equation
AX − Y B = C
over the complex field in 1952, there have been many papers to discuss the generalized Sylvester
matrix equations (e.g. [1], [2], [8], [13], [17], [18], [20], [24], [34]-[37], [44]). For instance, De Tera´n
et al. ([5], [6]) considered the ⋆-Sylvester equation AX +X∗B = 0 and AX +BX∗ = 0. Quite
recently, Dmytryshyn and K˚agstra¨m [7] presented some solvability conditions of the following
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2systems consisting of Sylvester and ⋆-Sylvester equations through the corresponding equivalence
relations of the block matrices{
AiXk ±XjBi = Ci, i = 1, . . . , n1,
Fi′Xk′ ±X
∗
j
′Gi′ = Hi′ , i
′
= 1, . . . , n2,
where k, j, k
′
, j
′
∈ {1, . . . ,m}, each unknown Xl is rl × cl, l = 1, . . . ,m, and all other matrices
are of appropriate sizes. Jonsson and K˚agstra¨m ([15], [16]) provided some effective approaches
for solving one-sided and two-sided triangular Sylvester-type matrix equations.
The study on the coupled generalized Sylvester matrix equations is active in recent years. Lee
and Vu [19] derived a consistency condition for the following system of mixed Sylvester matrix
equations through the corresponding equivalence relations of the block matrices
A1X1 −X2B1 = C1, A2X3 −X2B2 = C2, (1.1)
where Ai, Bi and Ci(i = 1, 2) are given matrices over a field, X1,X2 and X3 are unknowns.
Wang and He [34] gave some computable necessary and sufficient solvability conditions for the
system (1.1), and presented the general solution when (1.1) is solvable. Afterwards, He and
Wang [14] provided some necessary and sufficient solvability conditions for the system of mixed
Sylvester matrix equations
A1X1 −X2B1 = C1, A2X2 −X3B2 = C2, (1.2)
where Ai, Bi and Ci(i = 1, 2) are given complex matrices, X1,X2 and X3 are unknowns. They
also derived an expression of the general solution to the system (1.2). Recently, Wang and He
[35] considered the following three systems of generalized coupled Sylvester matrix equations
with four variables 

A1X − Y B1 = C1,
A2Z − Y B2 = C2,
A3Z −WB3 = C3,
(1.3)


A1X − Y B1 = C1,
A2Y − ZB2 = C2,
A3Z −WB3 = C3,
(1.4)


A1X − Y B1 = C1,
A2Y − ZB2 = C2,
A3W − ZB3 = C3,
(1.5)
where Ai, Bi and Ci(i = 1, 2, 3) are given complex matrices, X,Y,Z and W are unknowns. He,
Mauricio, Wang and De Moor [8] considered two sided coupled generalized Sylvester matrix
equations with four variables
AiXiBi + CiXi+1Di = Ei, i = 1, 2, 3,
where Ai, Bi, Ci,Di, Ei, (i = 1, 2, 3) are given complex matrices, Xi are unknowns. Very recently,
He and Wang [13] derived the solvability conditions and the general solution to the system of
3the periodic discrete-time coupled Sylvester quaternion matrix equations{
AkXk + YkBk =Mk,
CkXk+1 + YkDk = Nk,
(k = 1, 2),
where Ak, Bk, Ck,Dk,Mk, Nk are given matrices, Xk and Yk are unknowns.
To our best knowledge, there has been little information on the solvability and the general
solutions to the systems of four coupled one sided Sylvester-type real quaternion matrix equa-
tions with five unknowns. Motivated by the wide applications of generalized Sylvester matrix
equations and real quaternion matrix equations and in order to improve the theoretical devel-
opment of generalized Sylvester real quaternion matrix equations, we in this paper consider the
solvability and the expressions of the general solutions to the following systems of four coupled
one sided Sylvester-type real quaternion matrix equations

A1X1 −X2B1 = C1,
A2X3 −X2B2 = C2,
A3X3 −X4B3 = C3,
A4X4 −X5B4 = C4,
(1.6)


A1X1 −X2B1 = C1,
A2X2 −X3B2 = C2,
A3X3 −X4B3 = C3,
A4X5 −X4B4 = C4,
(1.7)


A1X1 −X2B1 = C1,
A2X2 −X3B2 = C2,
A3X4 −X3B3 = C3,
A4X5 −X4B4 = C4,
(1.8)


A1X1 −X2B1 = C1,
A2X2 −X3B2 = C2,
A3X3 −X4B3 = C3,
A4X4 −X5B4 = C4,
(1.9)


A1X1 −X2B1 = C1,
A2X3 −X2B2 = C2,
A3X4 −X3B3 = C3,
A4X4 −X5B4 = C4,
(1.10)
where Ai, Bi, Ci, (i = 1, 2, 3, 4) are given real quaternion matrices, and X1, . . . ,X5 are unknowns.
Note that the ith equation and (i+1)th equation in (1.6)-(1.10) have a common variable Xi+1.
The given real quaternion matrices Ai located at the left of the variables and Bi located at the
right of the variables. Systems (1.1)-(1.5) are special cases of systems (1.6)-(1.10).
The remainder of the paper is organized as follows. In Section 2, we provide some known
lemmas which are used in this paper. In Section 3,4,5,6,7, we present some solvability conditions
4to the systems of four coupled one sided Sylvester-type real quaternion matrix equations (1.6)-
(1.10), respectively. We also derive the general solutions to the systems (1.6)-(1.10), respectively.
Moreover, we give some numerical examples to illustrate our results.
Throughout this paper, let R be the real number fields. Let Hm×n be the set of all m × n
matrices over the real quaternion algebra
H =
{
a0 + a1i+ a2j+ a3k
∣∣ i2 = j2 = k2 = ijk = −1, a0, a1, a2, a3 ∈ R}.
For A ∈ Hm×n, the symbols A∗ and r(A) denote the conjugate transpose and the rank of A,
respectively. The identity matrix with appropriate size is denoted by I. The Moore-Penrose
inverse of A ∈ Hm×n, denoted by A†, is defined to be the unique solution X to the following
four matrix equations
(1) AXA = A, (2) XAX = X, (3) (AX)∗ = AX, (4) (XA)∗ = XA.
Furthermore, LA and RA stand for the two projectors LA = I−A
†A and RA = I−AA
† induced
by A, respectively. It is known that LA = L
∗
A and RA = R
∗
A.
2. Preliminaries
In this section, we review some lemmas which are used in the further development of this
paper. The following lemma give the solvability conditions and general solution to the mixed
Sylvester real quaternion matrix equations (1.1).
Lemma 2.1. [34] Let Ai, Bi, and Ci(i = 1, 2) be given. Set
D1 = RB1B2, A = RA2A1, B = B2LD1 , C = RA2(RA1C1B
†
1B2 − C2)LD1 .
Then the following statements are equivalent:
(1) The mixed Sylvester real quaternion matrix equations (1.1) is consistent.
(2) RA1C1LB1 = 0, RAC = 0, CLB = 0.
(3)
r
(
C1 A1
B1 0
)
= r(A1) + r(B1),
r
(
C2 A2
B2 0
)
= r(A2) + r(B2),
r
(
B2 B1 0 0
C2 C1 A1 A2
)
= r(A1, A2) + r(B1, B2).
In this case, the general solution to the mixed Sylvester real quaternion matrix equations (1.6)
can be expressed as
X = A†1C1 + U1B1 + LA1W1,
Y = −RA1C1B
†
1 +A1U1 + V1RB1 ,
Z = A†2(C2 −RA1C1B
†
1B2 +A1U1B2) +W4D1 + LA2W6,
5where
U1 = A
†CB† + LAW2 +W3RB,
V1 = −RA2(C2 −RA1C1B
†
1B2 +A1U1B2)D
†
1 +A2W4 +W5RD1 ,
and W1, · · · ,W6 are arbitrary matrices over H with appropriate sizes.
The solvability conditions and general solution to the mixed Sylvester real quaternion matrix
equations (1.2) can be found in the following lemma.
Lemma 2.2. [14] Let Ai, Bi, and Ci(i = 1, 2) be given. Set
A11 = R(A2A1)A2, B11 = RB1LB2 , C11 = R(A2A1)(A2RA1C1B
†
1 +C2)LB2 .
Then the following statements are equivalent:
(1) The mixed generalized Sylvester real quaternion matrix equations (1.2) is consistent.
(2)
RA1C1LB1 = 0, RA11C11 = 0, C11LB11 = 0.
(3)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), r
(
A2A1 A2C1 + C2B1
0 B2B1
)
= r(A2A1) + r(B2B1).
In this case, the general solution to the mixed generalized Sylvester real quaternion matrix
equations (1.6) can be expressed as
X1 = A
†
1C1 + U1B1 + LA1W1,
X2 = −RA1C1B
†
1 +A1U1 + V1RB1 ,
X3 = −R(A2A1)(C2 +A2RA1C1B
†
1 −A2V1RB1)B
†
2 +A2A1W4 +W5RB2 ,
where
V1 = A
†
11C11B
†
11 + LA11W2 +W3RB11 ,
U1 = (A2A1)
†(C2 +A2RA1C1B
†
1 −A2V1RB1) +W4B2 + L(A2A1)W6,
and W1, · · · ,W6 are arbitrary matrices over H with appropriate sizes.
Based on Lemma 2.1, we can solve the following mixed Sylvester real quaternion matrix
equations
A1X1 −X2B1 = C1, A2X1 −X3B2 = C2. (2.1)
6Lemma 2.3. Let Ai, Bi, and Ci(i = 1, 2) be given. Set
A11 = R(A2LA1 )A2, B11 = B1LB2 , C11 = R(A2LA1 )(C2 −A2A
†
1C1)LB2 ,
Then the following statements are equivalent:
(1) The mixed Sylvester real quaternion matrix equations (2.1) is consistent.
(2) RA1C1LB1 = 0, RA11C11 = 0, C11LB11 = 0.
(3)
r
(
C1 A1
B1 0
)
= r(A1) + r(B1),
r
(
C2 A2
B2 0
)
= r(A2) + r(B2),
r


C1 A1
C2 A2
B1 0
B2 0

 = r
(
A1
A2
)
+ r
(
B1
B2
)
.
In this case, the general solution to the mixed Sylvester real quaternion matrix equations (2.1)
can be expressed as
X1 = A
†
1C1 + U1B1 + LA1U2,
X2 = −RA1C1B
†
1 +A1U1 +W6RB1 ,
X3 = −R(A2LA1 )(C2 −A2A
†
1C1 −A2U1B1)B
†
2 +A2LA1W1 +W3RB2 ,
where
U1 = A
†
11C11B
†
11 + LA11W4 +W5RB11 ,
U2 = (A2LA1)
†(C2 −A2A
†
1C1 −A2U1B1) +W1B2 + L(A2LA1 )W2,
and W1, · · · ,W6 are arbitrary matrices over H with appropriate sizes.
The following real quaternion matrix equation
A1X1 +X2B1 + C3X3D3 + C4X4D4 = E1 (2.2)
which play an important role in the construction of the solvability conditions and the general
solution to the systems (1.6)-(1.10).
Lemma 2.4. [12], [33] Let A1, B1, C3,D3, C4,D4, and E1 be given. Set
A = RA1C3, B = D3LB1 , C = RA1C4,D = D4LB1 ,
E = RA1E1LB1 ,M = RAC,N = DLB , S = CLM .
Then the equation (2.2) is consistent if and only if
RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.
7In this case, the general solution can be expressed as
X1 = A
†
1(E1 − C3X3D3 − C4X4D4)−A
†
1T7B1 + LA1T6,
X2 = RA1(E1 − C3X3D3 − C4X4D4)B
†
1 +A1A
†
1T7 + T8RB1 ,
X3 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†ST2RNDB
† + LAT4 + T5RB,
X4 =M
†ED† + S†SC†EN † + LMLST1 + LMT2RN + T3RD,
where T1, . . . , T8 are arbitrary matrices over H with appropriate sizes.
The following lemma can be easily generalized to H.
Lemma 2.5. [22] Let A ∈ Hm×n, B ∈ Hm×k, C ∈ Hl×n,D ∈ Hm×p, E ∈ Hq×n, Q ∈ Hm1×k, and
P ∈ Hl×n1 be given. Then
(1) r(A) + r(RAB) = r(B) + r(RBA) = r(A, B).
(2) r(A) + r(CLA) = r(C) + r(ALC) = r
(
A
C
)
.
3. Some solvability conditions and the general solution to system (1.6)
In this section, we consider the solvability conditions and the general solution to the system
of one-sided coupled Sylvester-type real quaternion matrix equations (1.6). For simplicity, put
A11 = RB2B1, B11 = RA1A2, C11 = B1LA11 , D11 = RA1(RA2C2B
†
2B1 − C1)LA11 , (3.1)
A22 = R(A4A3)A4, B22 = RB3LB4 , C22 = R(A4A3)(A4RA3C3B
†
3 + C4)LB4 , (3.2)
A33 = (LA2 , −LA3), B33 =
(
RC11B2
−B4B3
)
, A44 = −L(A4A3), (3.3)
E1 = A
†
3C3 + (A4A3)
†(C4B3 +A4RA3C3)−A
†
2C2 −B
†
11D11C
†
11B2, (3.4)
A = RA33LB11 , B = B2LB33 , C = RA33A44,D = B3LB33 , (3.5)
E = RA33E1LB33 ,M = RAC,N = DLB, S = CLM . (3.6)
Now we give the fundamental theorem of this section.
Theorem 3.1. Let Ai, Bi, and Ci(i = 1, 2, 3, 4) be given. Then the following statements are
equivalent:
(1) The system of one-sided coupled Sylvester-type real quaternion matrix equations (1.6) is
consistent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3, 4), (3.7)
8r
(
C1 C2 A1 A2
B1 B2 0 0
)
= r(A1, A2) + r(B1, B2), (3.8)
r
(
A4C3 + C4B3 A4A3
B4B3 0
)
= r(A4A3) + r(B4B3), (3.9)
r


C1 C2 A1 A2
0 A4C3 + C4B3 0 A4A3
B1 B2 0 0
0 B4B3 0 0

 = r
(
A1 A2
0 A4A3
)
+ r
(
B1 B2
0 B4B3
)
, (3.10)
r


C2 A2
C3 A3
B2 0
B3 0

 = r
(
A2
A3
)
+ r
(
B2
B3
)
, (3.11)
r


C1 C2 A1 A2
C3 0 0 A3
B1 B2 0 0
0 B3 0 0

 = r
(
A1 A2
0 A3
)
+ r
(
B1 B2
0 B3
)
, (3.12)
r


C2 A2
A4C3 + C4B3 A4A3
B2 0
B4B3 0

 = r
(
A2
A4A3
)
+ r
(
B2
B4B3
)
. (3.13)
(3)
RA2C2LB2 = 0, D11LC11 = 0, RB11D11 = 0, (3.14)
RA3C3LB3 = 0, RA22C22 = 0, C22LB22 = 0, (3.15)
RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0. (3.16)
In this case, the general solution to the system of one-sided coupled Sylvester-type real quater-
nion matrix equations (1.6) can be expressed as
X1 = A
†
1(C1 −RA2C2B
†
2B1 +A2U1B1) +W4A11 + LA1W6, (3.17)
X2 = −RA2C2B
†
2 +A2U1 + V1RB2 , X4 = −RA3C3B
†
3 +A3U2 + V2RB3 , (3.18)
X5 = −R(A4A3)(C4 +A4RA3C3B
†
3 −A4V2RB3)B
†
4 +A4A3T4 + T5RB4 , (3.19)
X3 = A
†
2C2 + U1B2 + LA2W1, or X3 = A
†
3C3 + U2B3 + LA3T1, (3.20)
where
U1 = B
†
11D11C
†
11 + LB11W2 +W3RC11 , (3.21)
9V1 = −RA1(C1 −RA2C2B
†
2B1 +A2U1B1)A
†
11 +A1W4 +W5RA11 , (3.22)
V2 = A
†
22C22B
†
22 + LA22T2 + T3RB22 , (3.23)
U2 = (A4A3)
†(C4 +A4RA3C3B
†
3 −A4V2RB3) + T4B4 + L(A4A3)T6, (3.24)
W1 = (Ip1 , 0)[A
†
33(E1 − LB11W2B2 −A44T6B3)−A
†
33Z7B33 + LA33Z6], (3.25)
T1 = (0, Ip2)[A
†
33(E1 − LB11W2B2 −A44T6B3)−A
†
33Z7B33 + LA33Z6], (3.26)
W3 = [RA33(E1 − LB11W2B2 −A44T6B3)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
Ip3
0
)
, (3.27)
T4 = [RA33(E1 − LB11W2B2 −A44T6B3)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
0
Ip4
)
, (3.28)
W2 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†SZ1RNDB
† + LAZ2 + Z3RB , (3.29)
T6 =M
†ED† + S†SC†EN † + LMLSZ4 + LMZ1RN + Z5RD, (3.30)
the remaining Wj, Tj , Zj are arbitrary matrices over H, p1 and p2 are the column numbers of
A2 and A3, respectively, p3 and p4 are the row numbers of B1 and B4, respectively.
Proof. We separate this system of one-sided coupled Sylvester-type real quaternion matrix equa-
tions (1.6) into two parts {
A2X3 −X2B2 = C2,
A1X1 −X2B1 = C1,
(3.31)
and {
A3X3 −X4B3 = C3,
A4X4 −X5B4 = C4.
(3.32)
Observe that system (3.31) has the form of (1.1), and system (3.32) has the form of (1.2). We
can solve the system of one-sided coupled Sylvester-type real quaternion matrix equations (1.6)
through the following three steps. In the first step, we consider the system (3.31). It follows
from Lemma 2.1 that the system (3.31) is consistent if and only if
r
(
Cn An
Bn 0
)
= r(An) + r(Bn), (n = 1, 2), (3.33)
r
(
C1 C2 A1 A2
B1 B2 0 0
)
= r(A1, A2) + r(B1, B2), (3.34)
or
RA2C2LB2 = 0, RB11D11 = 0, D11LC11 = 0. (3.35)
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In this case, the general solution to the system (3.31) can be expressed as
X3 = A
†
2C2 + U1B2 + LA2W1, (3.36)
X2 = −RA2C2B
†
2 +A2U1 + V1RB2 , (3.37)
X1 = A
†
1(C1 −RA2C2B
†
2B1 +A2U1B1) +W4A11 + LA1W6, (3.38)
where
U1 = B
†
11D11C
†
11 + LB11W2 +W3RC11 , (3.39)
V1 = −RA1(C1 −RA2C2B
†
2B1 +A2U1B1)A
†
11 +A1W4 +W5RA11 , (3.40)
and W1, · · · ,W6 are arbitrary matrices over H with appropriate sizes.
In the second step, we consider the system (3.32). It follows from Lemma 2.2 that the system
(3.32) is consistent if and only if
r
(
Cn An
Bn 0
)
= r(An) + r(Bn), (n = 3, 4), (3.41)
r
(
A4C3 + C4B3 A4A3
B4B3 0
)
= r(A4A3) + r(B4B3), (3.42)
or
RA3C3LB3 = 0, RA22C22 = 0, C22LB22 = 0. (3.43)
In this case, the general solution to the system (3.32) can be expressed as
X3 = A
†
3C3 + U2B3 + LA3T1, (3.44)
X4 = −RA3C3B
†
3 +A3U2 + V2RB3 , (3.45)
X5 = −R(A4A3)(C4 +A4RA3C3B
†
3 −A4V2RB3)B
†
4 +A4A3T4 + T5RB4 , (3.46)
where
V2 = A
†
22C22B
†
22 + LA22T2 + T3RB22 , (3.47)
U2 = (A4A3)
†(C4 +A4RA3C3B
†
3 −A4V2RB3) + T4B4 + L(A4A3)T6, (3.48)
and T1, · · · , T6 are arbitrary matrices over H with appropriate sizes.
In the third step, equating X3 in (3.36) and X3 in (3.44) gives
A
†
2C2 + (B
†
11D11C
†
11 + LB11W2 +W3RC11)B2 + LA2W1
=A†3C3 + (A4A3)
†(C4 +A4RA3C3B
†
3)B3 + T4B4B3 + L(A4A3)T6B3 + LA3T1,
i.e.,
A33
(
W1
T1
)
+ (W3, T4)B33 + LB11W2B2 +A44T6B3 = E1.
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Now we want to solve the matrix equation (3.49). It follows from Lemma 2.4 that the matrix
equation (3.49) is consistent if and only if
RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0. (3.50)
Hence, the general solution to the matrix equation (3.49) can be expressed as(
W1
T1
)
= A†33(E1 − LB11W2B2 −A44T6B3)−A
†
33Z7B33 + LA33Z6, (3.51)
(W3, T4) = RA33(E1 − LB11W2B2 −A44T6B3)B
†
33 +A33A
†
33Z7 + Z8RB33 , (3.52)
W2 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†SZ1RNDB
† + LAZ2 + Z3RB , (3.53)
T6 =M
†ED† + S†SC†EN † + LMLSZ4 + LMZ1RN + Z5RD, (3.54)
where Z1, . . . , Z8 are arbitrary matrices over H with appropriate sizes.
Now we want to prove that (3.50) ⇐⇒ (3.10)-(3.13). At first, we prove that RMRAE = 0 is
equivalent to (3.10). Applying Lemma 2.5 to RMRAE = 0 gives
RMRAE = 0⇔ r(RAE, M) = r(M)
⇔ r(RAE, RAC) = r(RAC)
⇔ r(A, C, E) = r(A, C)
⇔ r
(
E1 LB11 A44 A33
B33 0 0 0
)
= r(LB11 , A44, A33) + r(B33)
⇔ r

 E1 LB11 L(A4A3) LA2 LA3RC11B2 0 0 0 0
B4B3 0 0 0 0

 = r(LB11 , L(A4A3), LA2 , LA3) + r
(
RC11B2
B4B3
)
⇔ r


E1 I L(A4A3)
RC11B2 0 0
B4B3 0 0
0 B11 0

 = r
(
I L(A4A3)
B11 0
)
+ r
(
RC11B2
B4B3
)
⇔ r


E1 I I 0 0
B2 0 0 0 B1
B4B3 0 0 0 0
0 A2 0 A1 0
0 0 A4A3 0 0


= r

 I I 0A2 0 A1
0 A4A3 0

+ r
(
B1 B2
0 B4B3
)
⇔ r


C1 C2 A1 A2
0 A4C3 + C4B3 0 A4A3
B1 B2 0 0
0 B4B3 0 0

 = r
(
A1 A2
0 A4A3
)
+ r
(
B1 B2
0 B4B3
)
⇔ (3.10).
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Similarly, we can show that ELBLN = 0, RAELD = 0 and RCELB = 0 are equivalent to (3.11),
(3.12) and (3.13), respectively. 
Next we give an example to illustrate Theorem 3.1.
Example 1. Given the quaternion matrices:
A1 =

1 + k 1 + i− k i+ j−1 2k 2 + j+ k
k 1 + i+ k 2 + i+ 2j+ k

 , B1 =

 2i+ k 0 1 + i+ j+ k2i− j+ k −1 + j 1 + j
j 1− j i+ k

 ,
A2 =

 1 + k 2 i2j 1− j −i+ k
i+ j+ k 1 k

 , B2 =

−2 + k i 1− j−j 1 i− k
−2 1 + i+ j 0

 ,
A3 =

 1 + k i+ k ji− j −1− j k
1 + i− j+ k −1 + i− j+ k j+ k

 , B3 =

−1 + j+ k 1 + k i+ j1− j+ k −1− j −i+ k
2k −j+ k j+ k

 ,
A4 =

 j 1− j i+ ki −1 + k j
i+ j −j+ k i+ j+ k

 , B4 =

 1 + k −1− k i+ jj i+ k 1
1 + j+ k −1 + i 1 + i+ j

 ,
C1 =

 −1− i+ 5k −2− 3j+ 5k 3i+ 5j−1− 7i+ j+ 2k 3j+ 5k 4− 8i+ 7j
−5− 3i+ k −4− 3i+ 2j+ 5k 1− 5i+ 9j− 4k

 ,
C2 =

 4i+ 6j+ 3k −2 + 5i+ 4j −3− i− j2− i+ 9j− 6k 6− 5i+ 5j− 4k −5 + 2i− 3j+ 2k
4 + i+ 6j+ 3k −2− i+ 3j− 2k −2− i+ 3j

 ,
C3 =

 7j+ 6k 4 + i+ j −1 + 2i+ 6j−3− 5i+ 2j+ k −1 + 6j+ 5k 2− i+ 4j
−8 + 2i+ 3j+ 6k 3 + 4i+ 9j− 2k −2 + i+ 3j− 2k

 ,
C4 =

−1− 2i− j− 3k 3− 3i− 2j+ k 1 + 2i2− 3i− 3j− k −5− 2i+ j+ k 1− 2i− 2j
1− 5i− 4j− 4k −2− 5i− j+ 2k 2− 2j

 .
Now we consider the system of one-sided coupled Sylvester-type real quaternion matrix equations
(1.6). Check that
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi) =


4, if i = 1
6, if i = 2
3, if i = 3
4, if i = 4
,
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r
(
C1 C2 A1 A2
B1 B2 0 0
)
= r(A1, A2) + r(B1, B2) = 6,
r
(
A4C3 + C4B3 A4A3
B4B3 0
)
= r(A4A3) + r(B4B3) = 3,
r


C1 C2 A1 A2
0 A4C3 + C4B3 0 A4A3
B1 B2 0 0
0 B4B3 0 0

 = r
(
A1 A2
0 A4A3
)
+ r
(
B1 B2
0 B4B3
)
= 9,
r


C2 A2
C3 A3
B2 0
B3 0

 = r
(
A2
A3
)
+ r
(
B2
B3
)
= 6,
r


C1 C2 A1 A2
C3 0 0 A3
B1 B2 0 0
0 B3 0 0

 = r
(
A1 A2
0 A3
)
+ r
(
B1 B2
0 B3
)
= 9.
r


C2 A2
A4C3 + C4B3 A4A3
B2 0
B4B3 0

 = r
(
A2
A4A3
)
+ r
(
B2
B4B3
)
= 6.
All the rank equalities in (3.7)-(3.13) hold. Hence, the system of one-sided coupled Sylvester-type
real quaternion matrix equations (1.6) is consistent. Note that
X1 =

2 + j+ k 1− 2i+ k i− 2k−2 i+ j 1 + i+ 2j
j+ k 1− i+ j+ k 1 + 2i+ 2j− 2k

 X2 =

 i+ j −i− j k1 + 2j i+ j+ k −1 + i+ j− k
2 + k −k 1 + j+ 2k

 ,
X3 =

 2i+ k 1 + 3i− k j1 + j −1 i− j
1 + 2i+ j+ k 3i− k i

 X4 =

−2 + j −1 + 2i k0 1 + k i+ j
−2 + k j− k 1

 ,
and
X5 =

−2 + j −1 + 2i k0 1 + k i+ j
−2 + k j− k 1


satisfy the system (1.6).
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Let A4, B4, and C4 vanish in Theorem 3.1. Then we can obtain some necessary and sufficient
conditions and general solution to the system of coupled generalized Sylvester real quaternion
matrix equations (1.3).
Corollary 3.2. [35] Let Ai, Bi, and Ci(i = 1, 2, 3) be given. Set
A4 = A2LA3 , B4 = RB1B2, A = RA4A2, B = B3LB4 ,
C = RA4A1,D = B2LB4 ,M = RAC,N = DLB, S = CLM ,
C4 = C2 −A2A
†
3C3 −RA1C1B
†
1B2, E = RA4C4LB4 .
Then the following statements are equivalent:
(1) The system of coupled generalized Sylvester real quaternion matrix equations (1.3) is consis-
tent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3),
r
(
A1 A2 C1 C2
0 0 B1 B2
)
= r(A1 A2) + r(B1 B2),
r


B2 0
B3 0
C2 A2
C3 A3

 = r
(
A2
A3
)
+ r
(
B2
B3
)
,
r


C2 C1 A1 A2
C3 0 0 A3
B2 B1 0 0
B3 0 0 0

 = r
(
A1 A2
0 A3
)
+ r
(
B2 B1
B3 0
)
.
(3)
RAiCiLBi = 0, (i = 1, 2), RMRAE = 0,
ELBLN = 0, RAELD = 0, RCELB = 0.
In this case, the general solution to the coupled generalized Sylvester real quaternion matrix
equations (1.3) can be expressed as
X = A†1C1 − U1B1 − LA1U2, Y = −RA1C1B
†
1 −A1U1 − U3RB1 ,
Z = A†3C3 + V1B3 + LA3V2, W = −RA3C3B
†
3 +A3V1 + V3RB3 ,
where
V2 = A
†
4(C4 −A2V1B3 −A1U1B2)−A
†
4T7B4 + LA4T6,
U3 = RA4(C4 −A2V1B3 −A1U1B2)B
†
4 +A4A
†
4T7 + T8RB4 ,
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V1 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†ST2RNDB
† + LAT4 + T5RB ,
U1 =M
†ED† + S†SC†EN † + LMLST1 + LMT2RN + T3RD,
and U2, V3, T1, . . . , T8 are arbitrary matrices over H with appropriate sizes.
4. Some solvability conditions and the general solution to system (1.7)
In this section, we consider the solvability conditions and the general solution to the system
of one-sided coupled Sylvester-type real quaternion matrix equations (1.7). For simplicity, put
A11 = R(A2A1)A2, B11 = RB1LB2 , C11 = R(A2A1)(A2RA1C1B
†
1 + C2)LB2 ,
A22 = RB3B4, B22 = RA4A3, C22 = B4LA22 , D22 = RA4(RA3C3B
†
3B4 − C4)LA22 ,
A33 = (A2A1, −LA3), B33 =
(
RB2
−RC22B3
)
, A44 = RB11RB1B
†
2, B44 = −LB22 ,
E1 = A
†
3C3 +B
†
22D22C
†
22B3 +R(A2A1)C2B
†
2 +A11RA1C1B
†
1B
†
2 − C11B
†
11RB1B
†
2,
A = RA33A11, B = A44LB33 , C = RA33B44, D = B3LB33 ,
E = RA33E1LB33 ,M = RAC,N = DLB, S = CLM .
Now we give the fundamental theorem of this section.
Theorem 4.1. Let Ai, Bi, and Ci(i = 1, 2, 3, 4) be given. Then the following statements are
equivalent:
(1) The system of one-sided coupled Sylvester-type real quaternion matrix equations (1.7) is
consistent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3, 4), (4.1)
r
(
A2C1 + C2B1 A2A1
B2B1 0
)
= r(A2A1) + r(B2B1), (4.2)
r
(
C3 C4 A3 A4
B3 B4 0 0
)
= r(A3, A4) + r(B3, B4), (4.3)
r
(
A3C2 + C3B2 C4 A3A2 A4
B3B2 B4 0 0
)
= r(A3A2, A4) + r(B3B2, B4), (4.4)
r
(
A3A2C1 +A3C2B1 + C3B2B1 A3A2A1
B3B2B1 0
)
= r(A3A2A1) + r(B3B2B1), (4.5)
16
r
(
A3C2 + C3B2 A3A2
B3B2 0
)
= r(A3A2) + r(B3B2), (4.6)
r
(
A3A2C1 +A3C2B1 + C3B2B1 C4 A4 A3A2A1
B3B2B1 B4 0 0
)
= r(A3A2A1, A4) + r(B3B2B1, B4).
(4.7)
(3)
RA1C1LB1 = 0, RA11C11 = 0, C11LB11 = 0,
RA3C3LB3 = 0, RB22D22 = 0, D22LC22 = 0,
RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.
In this case, the general solution to the system of one-sided coupled Sylvester-type real quater-
nion matrix equations (1.7) can be expressed as
X1 = A
†
1C1 + U1B1 + LA1W1, X2 = −RA1C1B
†
1 +A1U1 + V1RB1 ,
X4 = −RA3C3B
†
3 +A3U2 + V2RB3 ,
X5 = A
†
4(C4 −RA3C3B
†
3B4 +A3U1B4) + T4A22 + LA4T6,
X3 = −R(A2A1)(C2 +A2RA1C1B
†
1 −A2V1RB1)B
†
2 +A2A1W4 +W5RB2 ,
or
X3 = A
†
3C3 + U2B3 + LA3T1,
where
V1 = A
†
11C11B
†
11 + LA11W2 +W3RB11 ,
U1 = (A2A1)
†(C2 +A2RA1C1B
†
1 −A2V1RB1) +W4B2 + L(A2A1)W6,
U2 = B
†
22D22C
†
22 + LB22T2 + T3RC22 ,
V2 = −RA4(C4 −RA3C3B
†
3B4 +A3U2B4)A
†
22 +A4T4 + T5RA22 ,
W4 = (Ip1 , 0)[A
†
33(E1 −A11W3A44 −B44T2B3)−A
†
33Z7B33 + LA33Z6],
T1 = (0, Ip2)[A
†
33(E1 −A11W3A44 −B44T2B3)−A
†
33Z7B33 + LA33Z6],
W5 = [RA33(E1 −A11W3A44 −B44T2B3)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
Ip3
0
)
,
T3 = [RA33(E1 −A11W3A44 −B44T2B3)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
0
Ip4
)
,
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W3 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†SZ1RNDB
† + LAZ2 + Z3RB ,
T2 =M
†ED† + S†SC†EN † + LMLSZ4 + LMZ1RN + Z5RD,
the remaining Wj, Tj , Zj are arbitrary matrices over H, p1 and p2 are the column numbers of
A1 and A3, respectively, p3 and p4 are the row numbers of B2 and B4, respectively.
Proof. We separate this system of one-sided coupled Sylvester-type real quaternion matrix equa-
tions (1.7) into two parts {
A1X1 −X2B1 = C1,
A2X2 −X3B2 = C2,
(4.8)
and {
A3X3 −X4B3 = C3,
A4X5 −X4B4 = C4.
(4.9)
Applying the main idea of Theorem 3.1, Lemma 2.1, Lemma 2.2, Lemma 2.4 and Lemma 2.5,
we can prove Theorem 4.1. 
Now we give an example to illustrate Theorem 4.1.
Example 2. Given the quaternion matrices:
A1 =

 i j 1 + kk i+ j− 2k −2 + k
1 + i+ j 2− i −j

 , B1 =

 1 k i+ ki k −1 + k
1 + i 2k −1 + i+ 2k

 ,
A2 =

 1 + i+ k 1− i 1 + j+ k−1 + i− j 1 + i i− j+ k
2i− j+ k 2 1 + i+ 2k

 , B2 =

 1 + j− k −1 + 2j− k 2i+ j 1 + k 1 + i− j
1 + i+ 2j− k 2j 3 + i− j

 ,
A3 =

 2j 1− j i+ ki+ j+ k 1 + j −1
i+ 3j+ k 2 −1 + i+ k

 , B3 =

 −1 1 + j i− j−i i+ 2j −1− 2j
−1− i 1 + i+ k −1 + i− k

 ,
A4 =

2 + i+ j− 2k 1− 2i− j i1 + j− 2k 0 −i+ j
3 + i 1− 2i+ k 0

 , B4 =

 j 1− j i+ ki 1 + j −k
i+ j 2 i

 ,
C1 =

1 + i− j− 2k i− 2j+ 6k 1 + i− 2j+ 4ki− 4j+ 3k 3− 2i+ 3j− 6k 1− i− 2j+ k
4i+ j− 6k 1− 2i− 4j+ 8k 2− 7j+ 7k

 ,
C2 =

 3− 3i+ 3j+ 3k −2− i+ j− 9k −6− 6i− 3j+ 8k−2− 8j+ 8k i+ 2j −4− 6i− 5j− 6k
1− 3i− 5j+ 11k −2 + 3j− 9k −10− 12i− 8j+ 2k

 ,
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C3 =

3− 4i+ 4j+ 3k −2 + 6i+ 2j− k 3− i− j4− i+ 6j− k −4− i− 4j+ 10k −2− 2i+ 6j− 3k
1− 4i+ 8j+ 4k −1 + 8i+ 3k 3− i+ 3j− k

 ,
C4 =

 2 + i− 3k 2 + 2j+ 3k 8− 2k−1 + 2i− 3j+ k −3 + 6i− 4j+ k −1− 3i+ 3j
1− 3i+ 5j− 3k 1− 3j+ 2k 4− 2i+ j+ 3k

 .
Now we consider the system of one-sided coupled Sylvester-type real quaternion matrix equations
(1.7). Check that
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi) =


5, if i = 1
3, if i = 2
4, if i = 3
5, if i = 4
,
r
(
A2C1 + C2B1 A2A1
B2B1 0
)
= r(A2A1) + r(B2B1) = 3,
r
(
C3 C4 A3 A4
B3 B4 0 0
)
= r(A3, A4) + r(B3, B4) = 6,
r
(
A3C2 + C3B2 C4 A3A2 A4
B3B2 B4 0 0
)
= r(A3A2, A4) + r(B3B2, B4) = 6,
r
(
A3A2C1 +A3C2B1 + C3B2B1 A3A2A1
B3B2B1 0
)
= r(A3A2A1) + r(B3B2B1) = 3,
r
(
A3C2 + C3B2 A3A2
B3B2 0
)
= r(A3A2) + r(B3B2) = 3,
r
(
A3A2C1 +A3C2B1 + C3B2B1 C4 A4 A3A2A1
B3B2B1 B4 0 0
)
= r(A3A2A1, A4) + r(B3B2B1, B4) = 6.
All the rank equalities in (4.1)-(4.7) hold. Hence, the system of one-sided coupled Sylvester-type
real quaternion matrix equations (1.7) is consistent. Note that
X1 =

 1− k i+ j+ 2k k−1 + j −i− 2j+ k −j
j− k −j+ 3k −j+ k

 X2 =

 1 + j i −1 + ki+ j+ k −1 −i− j+ k
1 + i+ 2j+ k −1 + i −1− i− j+ 2k

 ,
X3 =

 −2k 2 + k ii+ 2j 1− j 1− i
i+ 2j− 2k 3− j+ k 1

 X4 =

 k i 1− k1− 2i+ j− k 1− 3i 1 + i+ 2j+ k
−1 2 + k i

 ,
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and
X5 =

 i+ j k 1 + k1 + 2j i 1 + j
j+ k k 1 + 2j


satisfy the system (1.7).
Let A4, B4, and C4 vanish in Theorem 4.1. Then we can obtain some necessary and sufficient
conditions and general solution to the system of coupled generalized Sylvester real quaternion
matrix equations (1.4).
Corollary 4.2. [35] Let Ai, Bi, and Ci(i = 1, 2, 3) be given. Set
A = R(A2A1)A2, B = RB1L(B3B2), C = R(A2A1)LA3 ,
D = B2L(B3B2),M = RAC,N = DLB, S = CLM ,
C4 = C2 +A
†
3C3B2 +A2RA1C1B
†
1, E = R(A2A1)C4L(B3B2).
Then the following statements are equivalent:
(1) The system of coupled generalized Sylvester real quaternion matrix equations (1.4) is consis-
tent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3),
r
(
A3C2 + C3B2 A3A2
B3B2 0
)
= r(A3A2) + r(B3B2),
r
(
A2C1 + C2B1 A2A1
B2B1 0
)
= r(A2A1) + r(B2B1),
r
(
A3A2C1 +A3C2B1 + C3B2B1 A3A2A1
B3B2B1 0
)
= r(A3A2A1) + r(B3B2B1).
(3)
RAiCiLBi = 0, (i = 1, 2), RMRAE = 0,
ELBLN = 0, RAELD = 0, RCELB = 0.
In this case, the general solution to the coupled generalized Sylvester real quaternion matrix
equations (1.4) can be expressed as
X = A†1C1 + U1B1 + LA1U2, Y = −RA1C1B
†
1 +A1U1 + U3RB1 ,
Z = A†3C3 − V1B3 − LA3V2, W = −RA3C3B
†
3 −A3V1 − V3RB3 ,
where
U1 = (A2A1)
†(C4 −A2U3RB1 − LA3V2B2)− (A2A1)
†T7(B3B2) + L(A2A1)T6,
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V1 = R(A2A1)(C4 −A2U3RB1 − LA3V2B2)(B3B2)
† + (A2A1)(A2A1)
†T7 + T8R(B3B2),
U3 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†ST2RNDB
† + LAT4 + T5RB ,
V2 =M
†ED† + S†SC†EN † + LMLST1 + LMT2RN + T3RD,
and U2, V3, T1, . . . , T8 are arbitrary matrices over H with appropriate sizes.
5. Some solvability conditions and the general solution to system (1.8)
In this section, we consider the solvability conditions and the general solution to the system
of one-sided coupled Sylvester-type real quaternion matrix equations (1.8). For simplicity, put
A11 = R(A2A1)A2, B11 = RB1LB2 , C11 = R(A2A1)(A2RA1C1B
†
1 + C2)LB2 ,
A22 = R(A3A4)A3, B22 = RB4LB3 , C22 = R(A3A4)(A3RA4C4B
†
4 + C3)LB3 ,
A33 = (A2A1, −A3A4), B33 =
(
RB2
−RB3
)
, A44 = RB11RB1B
†
2, B44 = RB22RB4B
†
3,
E1 =R(A2A1)C2B
†
2 +A11RA1C1B
†
1B
†
2 − C11B
†
11RB1B
†
2−
R(A3A4)C3B
†
3 −A22RA4C4B
†
4B
†
2 + C22B
†
22RB4B
†
3,
A = RA33A11, B = A44LB33 , C = −RA33A22, D = B44LB33 ,
E = RA33E1LB33 ,M = RAC,N = DLB, S = CLM .
Now we give the fundamental theorem of this section.
Theorem 5.1. Let Ai, Bi, and Ci(i = 1, 2, 3, 4) be given. Then the following statements are
equivalent:
(1) The system of one-sided coupled Sylvester-type real quaternion matrix equations (1.8) is
consistent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3, 4), (5.1)
r
(
A2C1 + C2B1 A2A1
B2B1 0
)
= r(A2A1) + r(B2B1), (5.2)
r
(
A3C4 + C3B4 A3A4
B3B4 0
)
= r(A3A4) + r(B3B4), (5.3)
r
(
C2 C3 A2 A3
B2 B3 0 0
)
= r(A2, A3) + r(B2, B3), (5.4)
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r
(
A2C1 + C2B1 A3C4 + C3B4 A2A1 A3A4
B2B1 B3B4 0 0
)
= r(A2A1, A3A4) + r(B2B1, B3B4), (5.5)
r
(
C2 A3C4 + C3B4 A2 A3A4
B2 B3B4 0 0
)
= r(A2, A3A4) + r(B2, B3B4), (5.6)
r
(
A2C1 + C2B1 C3 A2A1 A3
B2B1 B3 0 0
)
= r(A2A1, A3) + r(B2B1, B3). (5.7)
(3)
RA1C1LB1 = 0, RA11C11 = 0, C11LB11 = 0,
RA4C4LB4 = 0, RA22C22 = 0, C22LB22 = 0,
RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.
In this case, the general solution to the system of one-sided coupled Sylvester-type real quater-
nion matrix equations (1.8) can be expressed as
X1 = A
†
1C1 + U1B1 + LA1W1, X2 = −RA1C1B
†
1 +A1U1 + V1RB1 ,
X4 = −RA4C4B
†
4 +A4U2 + V2RB4 , X5 = A
†
4C4 + U2B4 + LA4T1,
X3 = −R(A2A1)(C2 +A2RA1C1B
†
1 −A2V1RB1)B
†
2 +A2A1W4 +W5RB2 ,
or
X3 = −R(A3A4)(C3 +A3RA4C4B
†
4 −A3V2RB4)B
†
3 +A3A4T4 + T5RB3 ,
where
V1 = A
†
11C11B
†
11 + LA11W2 +W3RB11 ,
U1 = (A2A1)
†(C2 +A2RA1C1B
†
1 −A2V1RB1) +W4B2 + L(A2A1)W6,
V2 = A
†
22C22B
†
22 + LA22T2 + T3RB22 ,
U2 = (A3A4)
†(C3 +A3RA4C4B
†
4 −A3V2RB4) + T4B3 + L(A3A4)T6,
W4 = (Ip1 , 0)[A
†
33(E1 −A11W3A44 +A22T3B44)−A
†
33Z7B33 + LA33Z6],
T4 = (0, Ip2)[A
†
33(E1 −A11W3A44 +A22T3B44)−A
†
33Z7B33 + LA33Z6],
W5 = [RA33(E1 −A11W3A44 +A22T3B44)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
Ip3
0
)
,
T5 = [RA33(E1 −A11W3A44 +A22T3B44)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
0
Ip4
)
,
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W3 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†SZ1RNDB
† + LAZ2 + Z3RB ,
T3 =M
†ED† + S†SC†EN † + LMLSZ4 + LMZ1RN + Z5RD,
the remaining Wj, Tj , Zj are arbitrary matrices over H, p1 and p2 are the column numbers of
A1 and A4, respectively, p3 and p4 are the row numbers of B2 and B3, respectively.
Proof. We separate this system of one-sided coupled Sylvester-type real quaternion matrix equa-
tions (1.8) into two parts {
A1X1 −X2B1 = C1,
A2X2 −X3B2 = C2,
(5.8)
and {
A3X4 −X3B3 = C3,
A4X5 −X4B4 = C4.
(5.9)
Applying the main idea of Theorem 3.1, Lemma 2.1, Lemma 2.2, Lemma 2.4 and Lemma 2.5,
we can prove Theorem 5.1. 
Now we give an example to illustrate Theorem 5.1.
Example 3. Given the quaternion matrices:
A1 =
(
i+ j+ k 2 + i+ j− k
−1 + j+ k −1 + 2i+ j− k
)
, B1 =
(
1 + k j− k
i+ 2k 2j− 2k
)
,
A2 =
(
i 2 + j
1 + i+ k −j
)
, B2 =
(
1 + j+ 2k i+ 3k
j 1 + i
)
,
A3 =
(
1 + k i+ k
1 + i+ j+ k −1 + i+ j+ k
)
, B3 =
(
2 + k −i− 2j
2− 2i− k −1− i+ 2j
)
,
A4 =
(
3i+ j 1 + 2j
2 + k 0
)
, B4 =
(
−j 1 + 2j
−k i+ 2k
)
,
C1 =
(
1− 5i+ j+ k 3 + 8i− 7j− 3k
3 + 2i− 2j− 7k −8 + 3i− 4j− 4k
)
, C2 =
(
−1 + i+ 3j+ 2k 5 + 3i+ 3j+ 7k
1 + 2i+ 4j+ 5k −3i− 2j+ 5k
)
,
C3 =
(
−7i− 2j− 2k −3− 7i+ 4j+ 5k
−3 + i− 3j− k −6− 3i− j+ 5k
)
, C4 =
(
−2 + 7i− 4j 2− 7i+ 4j+ 8k
−6 + i− j+ k 13− 3i+ j+ 4k
)
.
Now we consider the system of one-sided coupled Sylvester-type real quaternion matrix equations
(1.8). Check that
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi) =
{
4, if i = 1, 2, 3
3, if i = 4
,
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r
(
A2C1 + C2B1 A2A1
B2B1 0
)
= r(A2A1) + r(B2B1) = 4,
r
(
A3C4 + C3B4 A3A4
B3B4 0
)
= r(A3A4) + r(B3B4) = 3,
r
(
C2 C3 A2 A3
B2 B3 0 0
)
= r(A2, A3) + r(B2, B3) = 4,
r
(
A2C1 + C2B1 A3C4 + C3B4 A2A1 A3A4
B2B1 B3B4 0 0
)
= r(A2A1, A3A4) + r(B2B1, B3B4) = 4,
r
(
C2 A3C4 + C3B4 A2 A3A4
B2 B3B4 0 0
)
= r(A2, A3A4) + r(B2, B3B4) = 4,
r
(
A2C1 + C2B1 C3 A2A1 A3
B2B1 B3 0 0
)
= r(A2A1, A3) + r(B2B1, B3) = 4.
All the rank equalities in (5.1)-(5.7) hold. Hence, the system of one-sided coupled Sylvester-type
real quaternion matrix equations (1.8) is consistent. Note that
X1 =
(
i+ j −1 + k
2 + k 2i− j
)
X2 =
(
1 + 2i+ j −i+ 2j
k 1 + 2k
)
,
X3 =
(
i −1 + j
−1 −i+ j+ k
)
X4 =
(
−1 + 2j 1 + 3j
−i+ 2j+ 2k i+ 3j+ 3k
)
,
and
X5 =
(
k 1 + 2j
i+ k 1− i+ j− k
)
satisfy the system (1.8).
Let A4, B4, and C4 vanish in Theorem 5.1. Then we can obtain some necessary and sufficient
conditions and general solution to the system of coupled generalized Sylvester real quaternion
matrix equations (1.5).
Corollary 5.2. [35] Let Ai, Bi, and Ci(i = 1, 2, 3) be given. Set
A = R(A2A1)A2, B = RB1L(RB3B2), C = R(A2A1)A3,
D = B2L(RB3B2), C4 = C2 +A
†
2RA1C1B
†
1 −RA3C3B
†
3B2,
E = R(A2A1)C4L(RB3B2),M = RAC,N = DLB, S = CLM .
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Then the following statements are equivalent:
(1) The system of coupled generalized Sylvester real quaternion matrix equations (1.5) is consis-
tent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3),
r
(
A2 A3 C2 C3
0 0 B2 B3
)
= r(A2, A3) + r(B2, B3),
r
(
A2C1 + C2B1 A2A1
B2B1 0
)
= r(A2A1) + r(B2B1),
r
(
A3 A2A1 C3 A2C1 +C2B1
0 0 B3 B2B1
)
= r(A3, A2A1) + r(B3, B2B1).
(3)
RAiCiLBi = 0, (i = 1, 2), RMRAE = 0,
ELBLN = 0, RAELD = 0, RCELB = 0.
In this case, the general solution to the coupled generalized Sylvester real quaternion matrix
equations (1.5) can be expressed as
X = A†1C1 + U1B1 + LA1U2, Y = −RA1C1B
†
1 +A1U1 + U3RB1 ,
Z = −RA3C3B
†
3 −A3V1 − V3RB3 , W = A
†
3C3 − V1B3 − LA3V2,
where
U1 = (A2A1)
†(C4 −A2U3RB1 −A3V1B2)− (A2A1)
†T7(RB3B2) + L(A2A1)T6,
V3 = R(A2A1)(C4 −A2U3RB1 −A3V1B2)(RB3B2)
† + (A2A1)(A2A1)
†T7 + T8R(RB3B2),
U3 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†ST2RNDB
† + LAT4 + T5RB ,
V1 =M
†ED† + S†SC†EN † + LMLST1 + LMT2RN + T3RD,
and U2, V2, T1, . . . , T8 are arbitrary matrices over H with appropriate sizes.
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6. Some solvability conditions and the general solution to system (1.9)
Our goal of this section is to give some necessary and sufficient conditions and the general
solution to the system (1.9). Set
Ajj = R(A2jA2j−1)A2j , Bjj = RB2j−1LB2j , Cjj = R(A2jA2j−1)(A2jRA2j−1C2j−1B
†
2j−1 + C2j)LB2j ,
(j = 1, 2), A33 = (A2A1,−LA3), B33 =
(
RB2
−B4B3
)
, A44 = RB11RB1B
†
2, B44 = −L(A4A3),
E1 = A
†
3C3 + (A4A3)
†C4B3 + (A4A3)
†A4RA3C3 +R(A2A1)C2B
†
2 +A11RA1C1B
†
1B
†
2 − C11B
†
11RB1B
†
2,
A = RA33A11, B = A44LB33 , C = RA33B44, D = B3LB33 ,
M = RAC, N = DLB, S = CLM , E = RA33E1LB33 .
Now we give the fundamental theorem of this section.
Theorem 6.1. Let Ai, Bi, and Ci(i = 1, 2, 3, 4) be given. Then the following statements are
equivalent:
(1) The system of one-sided coupled Sylvester-type real quaternion matrix equations (1.9) is
consistent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3, 4), (6.1)
r
(
Ak+1Ck + Ck+1Bk Ak+1Ak
Bk+1Bk 0
)
= r(Ak+1Ak) + r(Bk+1Bk), (k = 1, 2, 3), (6.2)
r
(
Aj+2Aj+1Cj +Aj+2Cj+1Bj + Cj+2Bj+1Bj Aj+2Aj+1Aj
Bj+2Bj+1Bj 0
)
= r(Aj+2Aj+1Aj) + r(Bj+2Bj+1Bj), (j = 1, 2), (6.3)
r
(
A4A3A2C1 +A4A3C2A1 +A4C3A2A1 + C4A3A2A1 A4A3A2A1
B4B3B2B1 0
)
= r(A4A3A2A1) + r(B4B3B2B1). (6.4)
(3)
RA2j−1C2j−1LB2j−1 = 0, RAjjCjj = 0, CjjLBjj = 0, (j = 1, 2),
RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.
In this case, the general solution to the system of one-sided coupled Sylvester-type real quater-
nion matrix equations (1.9) can be expressed as
X1 = A
†
1C1 + U1B1 + LA1W1, X2 = −RA1C1B
†
1 +A1U1 + V1RB1 ,
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X3 = A
†
3C3 + U2B3 + LA3T1, X4 = −RA3C3B
†
3 +A3U2 + V2RB3 ,
X3 = −R(A2A1)C2B
†
2 −A11RA1C1B
†
1B
†
2 +C11B
†
11RB1B
†
2 +A11W3A44 +A2A1W4 +W5RB2 ,
or
X3 = A
†
3C3 + (A4A3)
†C4B3 + (A4A3)
†A4RA3C3 + LA3T1 + T4B4B3 + L(A4A3)T6B3,
where
V1 = A
†
11C11B
†
11 + LA11W2 +W3RB11 ,
U1 = (A2A1)
†(C2 +A2RA1C1B
†
1 −A2V1RB1) +W4B2 + L(A2A1)W6,
V2 = A
†
22C22B
†
22 + LA22T2 + T3RB22 ,
U2 = (A4A3)
†(C4 +A4RA3C3B
†
3 −A4V2RB3) + T4B4 + L(A4A3)T6,
W4 = (Ip1 , 0)[A
†
33(E1 −A11W3A44 −B44T6B3)−A
†
33Z7B33 + LA33Z6],
T1 = (0, Ip2)[A
†
33(E1 −A11W3A44 −B44T6B3)−A
†
33Z7B33 + LA33Z6],
W5 = [RA33(E1 −A11W3A44 −B44T6B3)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
Ip3
0
)
,
T4 = [RA33(E1 −A11W3A44 −B44T6B3)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
0
Ip4
)
,
W3 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†SZ1RNDB
† + LAZ2 + Z3RB ,
T6 =M
†ED† + S†SC†EN † + LMLSZ4 + LMZ1RN + Z5RD,
the remaining Wj, Tj , Zj are arbitrary matrices over H, p1 and p2 are the column numbers of
A1 and A3, respectively, p3 and p4 are the row numbers of B2 and B4, respectively.
Proof. We separate this system of one-sided coupled Sylvester-type real quaternion matrix equa-
tions (1.9) into two parts {
A1X1 −X2B1 = C1,
A2X2 −X3B2 = C2,
(6.5)
and {
A3X3 −X4B3 = C3,
A4X4 −X5B4 = C4.
(6.6)
Applying the main idea of Theorem 3.1, Lemma 2.2, Lemma 2.4 and Lemma 2.5, we can prove
Theorem 6.1. 
Now we give an example to illustrate Theorem 6.1.
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Example 4. Given the quaternion matrices:
A1 =

1 + k −1 2i+ j0 i+ k i− 2j
1 + i 2− i 1 + k

 , B1 =

 −1 + k i+ k j+ k−2− j 2i− j −j+ k
1 + i− j+ k −1 + i− j+ k 2k

 ,
A2 =

 i j 1 + 2i+ kk i− j −1− 2j+ k
i+ k i 2i− 2j+ 2k

 , B2 =

 j 1 + 2i+ j −i+ ki− j k 1 + 2j
i 1 + 2i+ j+ k 1− i+ 2j+ k

 ,
A3 =

 1 + 2i+ k 2− i− k 1 + j−1− 2i− j+ k −2 + i+ j− k −1 + j+ k
−k k −j

 ,
B3 =

 i+ 2j 1 + 3j j− 3k−1 + i− 2j 1 + i− 3j −j+ 3k
i 1 0

 ,
A4 =

 2 + 3i+ k 3− j i+ j+ k−3 + 2i− j 3i− k −1− j+ k
−1 + 5i− j+ k 3 + 3i− j− k −1 + i+ 2k

 ,
B4 =

 1 i+ k 1 + 2i− ji −1− j −2 + i− k
1 + i −1 + i+ 2k −1 + 3i− 2j

 ,
C1 =

 −1 + 4i− j− k −4 + 2i− 5j+ 6k 3− 2i+ 6k1− 5i− 6j+ k 5 + i− 2j+ k 3− 2i+ k
−6− 3i+ 2j+ 3k −2− 8i+ 3j+ 11k 5j

 ,
C2 =

2− 3i 8− 3j+ 4k −1 + i− 5j− 8k1− 2j 1− 9i− 4j− 2k −6 + 2i− j− 5k
j− 2k 6− 8i− 5j+ 2k −7− i− 5j− 4k

 ,
C3 =

 3 + 3j− k −3 + i+ 6j− 2k 1− 4j− 5k1 + i+ j+ 2k 6− 4i+ 4j+ 3k −6 + 13j− 4k
3 + 4i− j+ 6k 3− 3i+ 5j− 4k 2− i+ 5j− 7k

 ,
C4 =

 −11− 5i− 6j+ k −1 + 8i− 2j+ 7k −10 + i− 3j+ 6k5− 11i− 3j− 5k −6− 2i− 5j− 3k −2− 12i− 3j+ 3k
−6− 16i− 5j− 4k −11 + 6i− 7j −12− 7i− 2j+ k

 .
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Now we consider the system of one-sided coupled Sylvester-type real quaternion matrix equations
(1.9). Check that
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi) =


6, if i = 1
4, if i = 2, 3
3, if i = 4
r
(
Ak+1Ck + Ck+1Bk Ak+1Ak
Bk+1Bk 0
)
= r(Ak+1Ak) + r(Bk+1Bk) =
{
4, if k = 1, 2
3, if k = 3
r
(
Aj+2Aj+1Cj +Aj+2Cj+1Bj + Cj+2Bj+1Bj Aj+2Aj+1Aj
Bj+2Bj+1Bj 0
)
= r(Aj+2Aj+1Aj) + r(Bj+2Bj+1Bj) =
{
4, if j = 1
3, if j = 2
r
(
A4A3A2C1 +A4A3C2A1 +A4C3A2A1 + C4A3A2A1 A4A3A2A1
B4B3B2B1 0
)
= r(A4A3A2A1) + r(B4B3B2B1) = 3.
All the rank equalities in (6.1)-(6.4) hold. Hence, the system of one-sided coupled Sylvester-type
real quaternion matrix equations (1.9) is consistent. Note that
X1 =

 2i+ k −1 + j+ k 2 + j−2i+ k 1 + j+ k −2 + j
2k 2j+ 2k 2j

 X2 =

 1 −1 + j i+ k2 −2− j 2i− k
−1 1 + 2j −i+ 2k

 ,
X3 =

i+ j 1 + 2i+ k 2k1 k 1
i 0 1 + k

 X4 =

−1 + i+ k 1 + k i+ k−1− i+ k i+ k −1 + k
−2 + 2k 1 + i+ 2k −1 + i+ 2k

 ,
and
X5 =

1 −1 + j i+ k2 −2 + 2j 2i+ 2k
3 −3− j 3i− k


satisfy the system (1.9).
7. Some solvability conditions and the general solution to system (1.10)
In this section, we consider the solvability conditions and the general solution to the system
of one-sided coupled Sylvester-type real quaternion matrix equations (1.10). For simplicity, put
A11 = RB2B1, B11 = RA1A2, C11 = B1LA11 , D11 = RA1(RA2C2B
†
2B1 − C1)LA11 ,
A22 = R(A4LA3 )A4, B22 = B3LB4 , C22 = R(A4LA3 )(C4 −A4A
†
3C3)LB4 ,
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A33 = (LA2 , −A3LA22), B33 =
(
RC11B2
−RB3
)
,
E1 = −RA3C3B
†
3 +A3A
†
22C22B
†
22 −A
†
2C2 −B
†
11D11C
†
11B2,
A = RA33LB11 , B = B2LB33 , C = −RA33A3, D = RB22LB33 ,
E = RA33E1LB33 , M = RAC, N = DLB, S = CLM .
Theorem 7.1. Let Ai, Bi, and Ci(i = 1, 2, 3, 4) be given. Then the following statements are
equivalent:
(1) The system of one-sided coupled Sylvester-type real quaternion matrix equations (1.10) is
consistent.
(2)
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi), (i = 1, 2, 3, 4), (7.1)
r
(
C1 C2 A1 A2
B1 B2 0 0
)
= r(A1, A2) + r(B1, B2), (7.2)
r


C3 A3
C4 A4
B3 0
B4 0

 = r
(
A3
A4
)
+ r
(
B3
B4
)
, (7.3)
r
(
C1 A2C3 + C2B3 A1 A2A3
B1 B2B3 0 0
)
= r(A1, A2A3) + r(B1, B2B3), (7.4)
r


A2C3 + C2B3 A2A3
C4 A4
B2B3 0
B4 0

 = r
(
A2A3
A4
)
+ r
(
B2B3
B4
)
, (7.5)
r
(
A2C3 + C2B3 A2A3
B2B3 0
)
= r(A2A3) + r(B2B3), (7.6)
r


C1 A2C3 + C2B3 A1 A2A3
0 C4 0 A4
B1 B2B3 0 0
0 B4 0 0

 = r
(
A1 A2A3
0 A4
)
+ r
(
B1 B2B3
0 B4
)
. (7.7)
(3)
RA2C2LB2 = 0, D11LC11 = 0, RB11D11 = 0,
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RA3C3LB3 = 0, RA22C22 = 0, C22LB22 = 0,
RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.
In this case, the general solution to the system of one-sided coupled Sylvester-type real quater-
nion matrix equations (1.10) can be expressed as
X1 = A
†
1(C1 −RA2C2B
†
2B1 +A2U1B1) +W4A11 + LA1W6,
X2 = −RA2C2B
†
2 +A2U1 + V1RB2 , X4 = A
†
3C3 + V2B3 + LA3U2,
X5 = −R(A4LA3 )(C4 −A4A
†
3C3 −A4V2B3)B
†
4 +A4LA3T1 + T3RB4 ,
X3 = A
†
2C2 + U1B2 + LA2W1, or X3 = −RA3C3B
†
3 +A3V2 + T6RB3 ,
where
U1 = B
†
11D11C
†
11 + LB11W2 +W3RC11 ,
V1 = −RA1(C1 −RA2C2B
†
2B1 +A2U1B1)A
†
11 +A1W4 +W5RA11 ,
V2 = A
†
22C22B
†
22 + LA22T4 + T5RB22 ,
U2 = (A4LA3)
†(C4 −A4A
†
3C3 −A4V2B3) + T1B4 + L(A4LA3 )T2,
W1 = (Ip1 , 0)[A
†
33(E1 − LB11W2B2 +A3T5RB22)−A
†
33Z7B33 + LA33Z6],
T4 = (0, Ip2)[A
†
33(E1 − LB11W2B2 +A3T5RB22)−A
†
33Z7B33 + LA33Z6],
W3 = [RA33(E1 − LB11W2B2 +A3T5RB22)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
Ip3
0
)
,
T6 = [RA33(E1 − LB11W2B2 +A3T5RB22)B
†
33 +A33A
†
33Z7 + Z8RB33 ]
(
0
Ip4
)
,
W2 = A
†EB† −A†CM †EB† −A†SC†EN †DB† −A†SZ1RNDB
† + LAZ2 + Z3RB ,
T5 =M
†ED† + S†SC†EN † + LMLSZ4 + LMZ1RN + Z5RD,
the remaining Wj, Tj , Zj are arbitrary matrices over H, p1 and p2 are the column numbers of
A2 and A4, respectively, p3 and p4 are the row numbers of B1 and B3, respectively.
31
Proof. We separate this system of one-sided coupled Sylvester-type real quaternion matrix equa-
tions (1.10) into two parts {
A1X1 −X2B1 = C1,
A2X3 −X2B2 = C2,
(7.8)
and {
A3X4 −X3B3 = C3,
A4X4 −X5B4 = C4.
(7.9)
Applying the main idea of Theorem 3.1, Lemma 2.1, Lemma 2.3, Lemma 2.4 and Lemma 2.5,
we can prove Theorem 7.1. 
Now we give an example to illustrate Theorem 7.1.
Example 5. Given the quaternion matrices:
A1 =

i+ j −j i+ kk 1 + k 0
1 0 1 + j

 , B1 =

1 + j+ k −1− k i+ j2k 1 1 + i+ j
2 2 + i+ j k

 ,
A2 =

 1 1 + i+ j 2 + 2i+ k1− 2i+ k j 1
i 1 j

 , B2 =

 1 −1 + j i+ ki −i− j −1− k
1 + i −1− i −1 + i

 ,
A3 =

 j i− j 1 + k1 + k 0 i+ j
1 + j+ k i− j 1 + i+ j+ k

 , B3 =

 j+ 2k 1 + j− k i+ j−j− 2k −1− j+ k −i− j
2j+ 4k 2j− 2k 2j

 ,
A4 =

 −k i+ j+ k 2i− 2k1 + k 1− j− k 1 + 2k
1 1 + i 1 + 2i

 , B4 =

 1− j i− k −i− ki+ j −1 + k 1 + k
1 + i+ 2j −1 + i+ 2k 1− i+ 2k

 ,
C1 =

 −3− j− 4k −1 + 2i+ 3k 1− j2− i+ j− 3k −1 + i− k 2− i+ k
4 + i− 3k 1− 2i+ j −2− 2i− j− k

 ,
C2 =

−2− 2i− 8j+ 5k 11j+ 7k 2 + i− 8j+ 5k−1− 2i− 2j+ 4k −1 + 2i+ 9j− k 4 + i− 2j+ 7k
1− 2j+ k −3 + i+ 5j− k 2 + 2i+ j+ 5k

 ,
C3 =

−4 + 9i+ 4j− 4k −8− 3i+ k −5 + j− 6k8 + 5i− j+ 6k −2 + 4i+ 6j− 2k −2 + 6i+ 2k
4 + 14i+ 3j+ 2k −10 + i+ 6j+ k −7 + 6i+ j− 4k

 ,
32
C4 =

−3 + 2i− 3j− 6k 2 + 4i+ j− 3k −4i− j− k−3− 4i− 7j+ 5k 7− 5i− 2j− 2k −10 + 8i+ 3j− 9k
−4 + i− 3j+ 3k 4 + 3i− 3j −7 + 2i− 2j− 3k

 .
Now we consider the system of one-sided coupled Sylvester-type real quaternion matrix equations
(1.10). Check that
r
(
Ci Ai
Bi 0
)
= r(Ai) + r(Bi) =


6, if i = 1
5, if i = 2
4, if i = 3, 4
r
(
C1 C2 A1 A2
B1 B2 0 0
)
= r(A1, A2) + r(B1, B2) = 6,
r


C3 A3
C4 A4
B3 0
B4 0

 = r
(
A3
A4
)
+ r
(
B3
B4
)
= 6,
r
(
C1 A2C3 + C2B3 A1 A2A3
B1 B2B3 0 0
)
= r(A1, A2A3) + r(B1, B2B3) = 6,
r


A2C3 + C2B3 A2A3
C4 A4
B2B3 0
B4 0

 = r
(
A2A3
A4
)
+ r
(
B2B3
B4
)
= 6,
r
(
A2C3 + C2B3 A2A3
B2B3 0
)
= r(A2A3) + r(B2B3) = 10,
r


C1 A2C3 + C2B3 A1 A2A3
0 C4 0 A4
B1 B2B3 0 0
0 B4 0 0

 = r
(
A1 A2A3
0 A4
)
+ r
(
B1 B2B3
0 B4
)
= 4.
All the rank equalities in (7.1)-(7.7) hold. Hence, the system of one-sided coupled Sylvester-type
real quaternion matrix equations (1.10) is consistent. Note that
X1 =

1 + i+ j 1− 2i+ 2j k1 i+ j 2
i+ k 1 + 2k −k

 X2 =

 j 1− j i+ ki+ j 1− j k
−1 2 + k i+ j

 ,
X3 =

−1− j+ k −1 + j+ k i− j−1 + j+ k 1 + j− k −i+ k
2k 2j −j+ k

 X4 =

 1 1 + j i+ ki i− j −1− k
1 + i 1 + i −1 + i

 ,
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and
X5 =

 1 + j 1 + j i+ k1 + i+ k 2− i+ k 3
1 + 3i+ j k 1


satisfy the system (1.10).
8. Conclusion
We have provided some necessary and sufficient conditions for the existence and the general
solutions to the systems of four coupled one sided Sylvester-type real quaternion matrix equations
(1.6)-(1.10), respectively. Moreover, we have presented some numerical examples. It is worthy
to say that the main results of this paper can be generalized to an arbitrary division ring with
an involutive antiautomorphism.
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